arXiv:1502.05867vl [math.AP] 20 Feb 2015 


STANDING WAVES FOR A GAUGED NONLINEAR SCHRODINGER 
EQUATION WITH A VORTEX POINT 

YONGSHENG JIANG^, ALESSIO POMPONIO^, AND DAVID RUIZ^ 


Abstract. This paper is motivated by a gauged Schrodinger equation in dimen¬ 
sion 2. We are concerned with radial stationary states under the presence of a 
vortex at the origin. Those states solve a nonlinear nonlocal PDE with a varia¬ 
tional structure. We will study the global behavior of that functional, extending 
known results for the regular case. 


1. Introduction 

In this paper we are concerned with a planar gauged Nonlinear Schrodinger 
Equation: 

( 1 ) iDQ(t>+{DiDi + D2D2)(t>+\(l)\^-^(l) = 0. 

Here t S K, a; = {xi ,X2 )g (/>: K x —>■ C is the scalar field, : K x —>■ R 
are the components of fhe gauge potential and = d^j, + iAfj_ is the covariant 
derivative (p = 0, 1, 2). 

The modified gauge field equation proposes the following equation for fhe 
gauge potential, including the so-called Chern-Simons term (see [7,26]): 

(2) = f, with - d^A^. 

In the above equation, k is a parameter that measures the strength of the Chern- 
Simons term. As usual, is the Levi-Civita tensor, and super-indices are related 
to the Minkowski metric with signature (1, —1, —1). Finally, is the conserved 
matter current. 


= / = 2Im . 

At low energies, the Maxwell term in (2) becomes negligible and can be dropped, 
giving rise to: 

(3) = f. 

See [9, 10, 14-16] for fhe discussion above. If we fix k = 2, equations (1) and (3) 
lead us fo the problem: 

iDo^ + (FiFi + D2P2)^ + W-p = 0, 

doAi - diAo = lm{(j)D2<P), 

^ doA2 - ^2^0 = -ImpDicj)), 

diA2-d2Ai = i|(^|2. 
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As usual in Chern-Simons theory, problem (4) is invariant under gauge trans¬ 
formation, 

(5) (f> -t 4>e"^, A^- d^x, 

for any arbitrary C°° function y. 

This model was first proposed and studied in [14-16], and sometimes has re¬ 
ceived the name of Chern-Simons-Schrodinger equation. The initial value prob¬ 
lem, well-posedness, global existence and blow-up, scattering, etc. have been ad¬ 
dressed in [2, 11,13,20,21] for fhe case p = 3. See also [19] for a global existence 
result in the defocusing case, and [5] for a uniqueness result to the infinite radial 
hierarchy. 

The existence of sfationary sfates for (4) and general p > 1 has been sfudied 
in [3] for the regular case (see also [6, 12,22, 23]). Very recently, in [4] the case 
with a vortex point has been considered (with respect to that paper, our notation 
interchanges the indices 1 and 2). Consider the ansatz: 

(/> = Ao = Ao(r), 

^2 = ^h{r) 

Here (r, 9) are the polar coordinates of and A G N U {0} is the order of the 
vortex at the origin (N = 0 corresponds to the regular case). 

In [4] it is found thaf u solves the equation: 


—Au{x) + uj u + u-I-Ao(|a:|)u(x) = |u(a:)|^ ^u{x), x G 

|x|2 

where 

1 r 

(6) hu{r) = 2 J su'^is)ds, 

and 

Ao(r)=e+ r 

Jr S 

The value ^ above appears as an integration constant. Without loss of generalify, 
we can assume ^ = 0; otherwise it suffices to use the gauge invariance (5) with 
X = Then, our problem becomes: 


(7) 

, . (/i„(|x|) — NY ( f 

—Au{x)+u}u+- -j—-u-i / 


-^u^(s) ds I m(x) = |m(x)|^ ^m(x). 

I ® 


Observe that (7) is a nonlocal equation. In [4] it is shown that (7) is indeed the 
Euler-Lagrange equation of fhe energy functional H R, 


= ^ f (|Vu(x)p-I-wu^(x)) dx 


1 

- 


2(x) 


2 7r2 |x|' 


{hu{r) — N)^ dx -— / |u(x)|*’'''^ dx. 

P + 1 dR2 


The Hilberf space Ti. is defined as: 

(8) H = {m G HI(^) : [ ^ ^^^ dx < -l-oo}, 

dR m 
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endowed by the norm 

Mn = |Vu(a;)p + (^1 + dx. 

Let us observe that the energy functional presents a competition between the 
nonlocal term and the local nonlinearity of power-type. The study of the behavior 
of the functional under this competition is one of the main motivations of this 
paper. For p > 3, it is known that is unbounded from below, so it exhibits a 
mountain-pass geometry (see [3, 12] for the case TV = 0 and [4, Section 5] for N € 
N). In a certain sense, in this case the local nonlinearity dominates the nonlocal 
term. However the existence of a solution is not so direct, since for p G (3,5) the 
(PS) property is not known to hold. This problem is b 5 rpassed by combining the 
so-called monotonicity trick of Sfruwe ( [25]) with a Pohozaev identity. 

A special case in the above equation is p = 3: in this case, solutions have been 
explicitly found in [3, 4] as optimizers of a cerfain inequality. An alternative ap¬ 
proach would be to pass to a self-dual equation, which leads to a Liouville equa¬ 
tion in singular if iV > 0. 

The situation is different if p € (1,3); here the nonlocal term prevails over the 
local nonlinearity, in a certain sense. In [22], the second and third authors studied 
whether 4,, is bounded from below or not for p € (1,3) and N = 0. The situation 
happened to be quite rich and unexpected, and very different from the usual non¬ 
linear Schrodinger equation. Indeed, the boundedness of for N = 0 depends 
on the phase w and the threshold value loq is explicit, namely: 


(9) 

with 

( 10 ) 


LUo 


3 -P 
a+p 


P-1 

32{3-p) 


2 

23-p 


/ m'^{3+p) 

V p-1 


p-i 

2(3-p) 




P-f 

2 


2 

1-P 


dr. 


The purpose of fhis paper is to extend such result to the case N > 0, which 
is more relevant from the point of view of the applications. This study has been 
prompted by Remark 5.1 in [4]. 

Our main results are the following: 


Theorem 1.1. For ujq as given in (9), there holds: 

(i) ifuj G (0, Wo), then is unbounded from below; 

(ii) ifuj = Wo, then is bounded from below, not coercive and inf < 0; 
(in) ifuj > Wo, then is bounded from below and coercive. 


Regarding fhe existence of solutions, we obtain the following results: 

Theorem 1.2. There exist w > w > wo such that: 

(i) ifw > w, then (7) has no solutions different from zero; 

(ii) if u) € (wo,w), then (7) admits at least two positive solutions: one of them is a 
global minimizerfor and the other is a mountain-pass solution; 

(Hi) for almost every uj G (0, wo) (7) admits a positive solution. 


The proofs follow the same ideas as in [22], and is related to a natural limit 
problem. Roughly speaking, this limit problem stems from the behavior of the 
map p Iu,{u{- — p)) as p ^ -l-oo, and this does not depend on N. However, in 
our proofs the analysis made in Proposition 3.2 must be re-elaborated with respect 
to that of [22], and fhe new ferms need new estimates in the asymptotic expan¬ 
sions that follow afterwards. Moreover, the non-existence result of Theorem 1.2 is 
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immediate for N = 0 but its proof becomes delicate for N > 0. Finally, the case 
> 0 is more relevant from the point of view of the Physics model, since it in¬ 
cludes a vortex at the origin. One of the main features of the Chern-Simons theory 
is the appearance of vortices in the model, see [7,26,27]). 

The rest of the paper is organized as follows. Section 2 is devoted to some 
notations and preliminary results. In Section 3 we prove Theorems 1.1 and 1.2. 


2. Preliminaries 


Let us first fix some notations. We denote by (R^) the Sobolev space of radi¬ 
ally symmetric functions, and || • || its usual norm. We denote by ||u||lp the usual 
Lebesgue norm in Moreover, we will write || • ||rri(R), || • || r/i (a,b) to indicate the 
norms of the Sobolev spaces of dimension 1. 

However our functional is defined in the space TL, defined in (8). Its norm 
will be denoted by II ■ \\h- In [4, Proposition 3.1] it is shown that 


nc{ue c(r 2) : u(o) = 0 } n l°“(r2). 


If nothing is specified, strong and weak convergence of sequences of functions 
are assumed in the space (R^). 

In our estimates, we will frequently denote by C > 0, c > 0 fixed constants, 
that may change from line to line, but are always independent of the variable 
under consideration. We also use the notations 0(1),o(l), 0(e),o(e) to describe 
the asymptotic behaviors of quantities in a standard way. Finally the letters x, y 
indicate two-dimensional variables and r, s denote one-dimensional variables. 

Let us start with the following proposition, proved in [3,4]: 

Proposition 2.1. is a functional, and its critical points correspond to classical 
solutions of (7). 

The next result is contained in [4, Proposition 3.4], and deals with the behavior 
of luj under weak limits. 

Proposition 2.2. Recalling the definition of h^, (6), let us define: 



( 11 ) 


Then K and K' are weakly continuous in H. As a consequence, lui is weak lower semi- 
continuous, and is weakly continuous in TL. 

Next lemma relates boundedness of sequences in iL^(R^) and in TL, and will be 
very useful in Section 3. 

Lemma 2.3. The map K defined in (11) is actually well defined in and K{u„) is 

boundedif\\un\\ isbounded. As a consequence, for any sequence Un G TLsuch that Ii„(un) 
is bounded from above, Hunll is bounded if and only if\\un\\-H is bounded. 

Proof. By [3], we only need to consider the term: 



Observe now that: 
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2/ N 7 f f U^ix) f \ 1 

271 / y?{r)dr= / dx ^ / dx + / u^{x)dx 

Jo JR 2 fI Jb(0,1) fI JR2\B(0,1) 

<.C{\\u\\l. + \\u\\h),p>A, 

by Holder inequality. The first assertion of the Lemma follows then from the 
Sobolev embedding. 

Suppose that u„ is bounded in then 

UK) = 0(1) + ^/ 

2 7r2 \xY 

and by hypothesis Un is bormded in T-L. The reverse is trivial. 

□ 


The following is a Pohozaev-type identity for problem (7), see (2.11), (5.6) in [4]: 
Proposition 2.4. For any u solution of (7), the following identity holds: 

[ \yufdx+ [ ^ {hu{\x\) — dx -- —^ [ \uf~^^dx = 0. 

Js.^ Jr^ fI P+1./R2 

We now state an inequality which will prove to be fundamental in our analysis. 
This inequality is proved in [4, Proposition 3.5], where also the maximizers are 
found. 


Proposition 2.5. For any u gH, 

(12) [ \u{x)fdx!^4([ |Vu(a:)p dec') ([ {hui\x\) - Nf dx'] 

Jr^ \Jr^ J \Jk? Fr / 

As commented in the introduction, this paper is concerned with the bounded¬ 
ness from below of First of all, let us give a heuristic derivation of the limit 
energy functional. Consider u{r) a fixed function, and define Up{r) = u{r — p). Let 
us now estimate Iuj{up) as p — >■ -ioo; after the change of variables r —>■ r -i p, we 
obtain: 

“^^2^ = ^ y (l“T + uju^){r + p) dr 

+ i r / {s + p)u^{s)ds-2N] dr -5-- / \u\P+^{r + p)dr. 

8J_p r + p \J_p J p+l J_p 

We estimate the above expression by simply replacing the expressions (r -i p), 

(s + p) with the constant p; observe that the estimate is independent of N : 

(27r)“^/^(Mp) 



Therefore, it is natural to consider the limit functional (R) R, 
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U in. 


Clearly, the Euler-Lagrange equation of (13) is the following limit problem: 
(14) — u" + a;u+i^y u^{s)ds^ u=\u\P~^^ 

Let M be a positive solution of (14), and define k = uj + j (^J 
is well known that u(r) = Wk{r — ^) for some C S M, where 


dr^ . Then, it 


Wkir) = kp-^wi{\/kr), with wi(r) = ( -cosh 

' p + 1 


p - 1 


We now recall the value of k 

p-\-oo 


k = LU + 


1 / r+°° \ ^ 1 4 / /’+°° 

- f y w^{r)dr\ = uj +-k^ (J wl{'/kr)dr 


A change of variables leads us to the identity: 



with m is given in (10). Therefore, the existence of solutions for (14) reduces to 
the existence of solutions of the algebraic equation (15). Moreover, we are also 
interested in the energy of those solutions, and whether it is positive or negative. 
Those questions have been treated in [22, Section 3], where the following results 
were obtained: 

Proposition 2.6. Assume p G (1,3) and take wq as in (9). Then: 

(1) for any w > 0, is coercive and attain its infimum; 

(2) There exists toi > wq such that for w G (0, wi), equation (15) has two solutions 

/ci(w) < k 2 {oj) and (r), (r) are the only two positive solutions of (14) 

(apart from translations); 

(3) ifw > Wo, min Juj = 0 and the unique minimizer is 0. 

(4) ifoj = Wo, min Juj = 0 and is attained at 0 and Wk^ ■ 

(5) if w G (0,wo), minJoj < 0 and the minimizer is Wk^, which is unique (up to 
change of sign and translation). 

In this paper we are able to relate with the limit functional in the following 
way: 

inf > —oo inf = 0. 

That is the reason why the explicit value wo comes as a threshold for . 

We finish this section with a technical result from [22, Proposition 3.7], that will 
be of use later. 

Proposition 2.7. Assume uj ^ wo, and G H^{R) such that Jujfun) —t 0. There holds 

(1) ifuj > Wo, then 0 in iT^(R); 

(2) ifuj = Wo, then, up to a subsequence, either —>• 0 or u„(- — Xn) —t ±Wk 2 in 

iT^(R),/or some sequence Xn G K. 


3. Proof of Theorems 1.1,1.2 


Our first lemma makes rigorous the heuristic derivation of the limit functional 
made in Section 2. Since the functions in TL must vanish at 0, we need to truncate 
our sequence around the origin. For that purpose, take a Lipschitz continuous 
function 0o : K —t R such that 


Mr) = 


(16) 


0, if|r|^l, 
1, if|r|^2, 


\Mr)\ ^ 1 . 
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Lemma 3.1. Let U S H^{R) be an even function which decays to zero exponentially at 
infinity, and fair) as in (16). Let us denote Up{r) = (j)o{r)U{r — p). Then there exists 
C > 0 such that: 

I^iUp) = 2TTpJ^{U{r)) -C + Op(l). 

Proof. This estimate has been accomplished in [22, Lemma 4.1] for = 0, so we 
just need to estimate the extra terms: 


r+- f/2(r) 


J ^2 / _Pl_Ldr-N I 


r+“ Ulir) 


Jo r Jo r 

By using the properties of the cut-off function fo we have 

/•+- [/2(r) 


J sUp{s)ds^dr. 


-dr = Op(l) 


and it is not difficult to see that 

/■+“ 1/2 (r) 


J sUp(^s) ds"^ dr = J U'^is) ds'^ drOp{l) = COp(^l), 


with C > 0. Hence the conclusion follows. 


□ 


In the next proposition we make use of the fundamental inequality (12) to study 
the behavior of unbounded sequences with energy bounded from above. 

Proposition 3.2. Assume to > 0, and Un such that Il'Urall is unbounded but Iu)(un) 
is bounded from above. Then, there exists a subsequence (still denoted by Un) such that: 

p + CO 

i) for all e > 0, -I- dr ^ C; 

Je\\u„\\^ 

rS-f\nnf 

ii) there exists S S (0,1) such that / + ul) dr ^ c> 0; 

Js\\u„r 

Hi) ||Mn|lL2(R2) -)> -1-00. 

Proof. The proof is quite similar to [22, Proposition 4.2], but there are some differ¬ 
ences at certain points due to the presence of the singular term. For convenience of 
the reader, we reproduce it entirely here. By inequality (12) and Cauchy-Schwartz 
inequality, we can estimate: 

p + ao p+oo ,, 2 / \ / rr \ 2 

+uju^)rdr+ 


u'^(r) 


J su^{s)ds — 2N^ dr 


p + OO 


(17) 

Define 


27T 


bJ 


i‘^ + -u^ - —\u\P+^]rdr. 


/ : K+ ^ : 


p -I- 1 


f(t) = + 1^4 _ 

’ 4 8 p+1 


Then, the set {f > 0 : f(t) < 0} is of the form (a,/3), where a,/3 are positive 
constants depending only on p, oj. Moreover, we denote by —cq = min / < 0. 

For each function u„, we define: 

vl„ = {a; e : u„(x) S (a,/3)}, Pn = sup{|x| : x S A^}. 


With these definitions, we can rewrite (17) in the form 
(18) 

+ wul) r dr+^ sul{s) ds - 2N^ dr-co\A„ 


2 
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In particular this implies that | An | must diverge, and hence . This already proves 
(iii). 


By Strauss Lemma [24], we have 


(19) 


U ^ U„(pn) ^ 


IKII ^ 

\fPn 


||u„||^ > a^Pn- 


We now estimate the nonlocal term. For that, define 
(20) Bn = nB(0,7„), for7„ s (0,p„) such that |B„| = ^\An\. 

Then Jg u^{x) dx ^ diverges, indeed 

/ v?n{'^) dx — 2N > c\An\. 

Jb„ 

sulis)ds-2N^ dr^ sulis)ds-2N^ dr 


We now estimate: 

1 r 


> 


'In 

1 


^ c\An\^ f 
J 7 

^ [ 

J A 


uI{t) / 

[ Unix) dx — 2A ) 

An ' 

Jb„ j 


+°° „,2 


(r) 


dr 


ul{x) 


dx 


^ c 


^ c 


A„\B„ F 
2 


Pn J A„\Bn 


Un{x)dx 


( 21 ) 

Pn 

Hence, by (17), (19) and (21), we get 

. A. „ |71„ 

^ ^Pn “t“ C „ Cq 1-^72,1 — Pn \ C C „ Cq 

pi \ pi Pn 

Observe that t i-a- c + ct^ — cot is strictly positive near zero and goes to +c», as 
f —+00. Then we can assume, passing to a subsequence, that |A„| ^ p„. In other 
words, there exists m > 0 such that m as n —)■ +oo. 

Taking into accormt (18) and (19), we conclude that up to a subsequence, ||u„|p ~ 
Pn- Moreover, for any fixed e > 0, we have: 


CPn ^ ll^n||r,2 ^ 


^+oo 


n-\-oc 


u^r dr ^ spn 


ui dr. 


An analogous estimate works also for 


+°° |2 


dr. This proves (i). 


We now show that for some 5 > 0, \\un\\H^{5p„,pn) ^ 0' which implies assertion 
(ii). 

First, recall the definition of Bn and 7„ in (20). Then, 


ul{r)dr > p. 


-1 


Un{r)r dr > p. 


-1 


IAn\B„ 


ui{x)dx ^ Pn \An\Bn\a^ > C> 0. 


To conclude it suffices to show that 7^ ^ p„. Define 

Cn= Bn<^ B(0,T„), for Tn S (0,7„) SUch that \Cn\ = ^\Bn\. 
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We can repeat the estimate (21) with An, Bn replaced with Bn, Cn respectively, 
to obtain that 


r+oo „,2 


Hence, 


Kir) 


JA 


sKis) ds - 2 n'^ ' dr ^ 


lujiUn) > Cpn + C- -r-Co|A„| = 7„ C— + 


In 


\An 


In 


Co- 




And we are done since luiiun) is boimded from above. 


□ 


Proof of Theorem 1.1. If w G (0,wo)/ then Jujiwk.^) < 0 Proposition 2.6): apply¬ 
ing Lemma 3.1 with U = Wk^ we conclude assertion (i). 

We now prove {ii) and [in). We denote by iLg ,.(i?(0, R)) the Sobolev space of 
radial functions with zero boundary value and 

niBiQ,R))=\u&HlniBiQ,R))-. [ <+oo 

[ ' Jb{o,r) m 

endowed by the norm II ■ llw- 
Fixed n G N and given a sequence Vi G 'H(i?(0,n)) unbounded with respect to 
the norm || • ||, (18) implies that Rivi) -l-c». By Lemma 2.3, we conclude that 
lu,\'H(B(o,n)) is coercive. 

So, there exists a minimizer for Ii,j\-H(B{o,n))- By taking absolute value, we can 
assume that ^ 0. Moreover, 

luiiun) inf lu,, as n —>■ -l-oo. 

In the following, Un may be extended as functions in TL by setting Unix) = 0 
for X G K.^ \ 5(0, n). If Un is bounded in iL^(]R^), Lemma 2.3 implies that Un is 
bounded in TL and then Ld (m„) is bounded. In such case we conclude that inf is 
finite. In what follows we assume that is an unbounded sequence in iJ^(R^), 
and we shall show that I^iiun) is still bounded for a; ^ wq. 

Our sequence u„ satisfies the hypotheses of Proposition 3.2, so let 5 > 0 be given 
by that proposition. 

The proof will be divided in several steps. 


Step 1: 

/ dr ^ 0. 

dflhnIP 

By Proposition 3.2, i), we have that: 




2 + fc-l 


{\Un\^+K)dr^ {\Un\^+ul)dr ^C. 


Taking the smaller summand in the left hand side we find x„, 

s c 

l^WUnW^ ^Xni^ S\\Unf - 1 SUCh thaf l^n || ^ ]j^7]|2' 

Reasoning in an analogous way, we can choose ?/„, 

d~^\\Un\\^ + 1 ^ 2/n ^ 2(5-1 ||M„f such that ||Mn||ffi(y„,„„ + l) ^ 
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Observe that if (5 ri, the choice of ?/„ can be arbitrary, but it is unneces¬ 

sary. Take (j^n ■ [0, -l-oo] —t [0,1] be a C^-function such that 

{ 0, ifr^a;„, 

1, iixn + l^r^y„, |(/)^(r)| < 2. 

0, ifr^yn + 1. 


Let 


F{u) = su^{s)ds - 2N^ dr. 


By the choice of a;„, i/„ and Proposition 3.2, i), we have 


^ {'^n)[4^nUn\ ^ 4 


su'^{s)ds — 2N^ su'^{s)(j)n{s)ds^ dr 


^-8n(^J^ ulir)dr'^ >-C. 


It follows thaf 


rV-n py-n 

0 = I[,{un)[(l)nUn] ^ 2tt + ujul) r dr - 2 tt \un\^^^rdr+ 0{1) 

y Xn y Xyi 


^ llWr 


(KP + WWn) dr] + 0(1). 


This, together with the fact that ||rtn||iji(x„,y„) does not tend to zero, allows us to 
conclude the proof of Step 1. 

Step 2: Exponential decay. 

At this point we can apply the concentration-compactness principle (see [18, 
Lemma 1.1]); there exists cr > 0 such that 


/•«+! 


sup 


dr ^ 2a > 0. 


5ep„, y„]d?-i 


Let us define: 
( 22 ) 

Dr, = 


> 0 : J -I-M^) dr ^ crj 7^ 0, and = maxL)„ e [a;n,n-I-1). 

Let us observe that ^ IKnlP; indeed ^ Xn ^ c||Mn|p and, moreover, 
llu„f ^ c [ (KP -h ul) rdr^ c(^ri “ 1) / (KP + ^n) dr ^ c(^„ - 1). 

df„-l Jfr-l 


By definition, -I- u^) dr < a for all ( > ^n- By embedding of 7T^(C — 

1, C-l-1) in L°“, 0 ^ Un(() < Cr/a for any C > Cn- From this we will get exponential 
decay of Un- Indeed, u„ is a solufion of 


-<(r) - + cvur^ir) + Mr)ujr) = <(r), 

r 


with 


fn{r) = 


(h„(r) - A)" 


hn{s) - N 


1 /■’' 

ul{s)ds, hn{r) = - J sul{s)ds. 
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If r > (5||un|P, again by Proposition 3.2, i), we see that ds = o(l). Then, 

by taking smaller a, if necessary, we can conclude that there exists C > 0 such that 

|Mn(T)| < Cexp , for all r > 

The local regularity theory for the Laplace operator (see [8, Section 3.4]) 
implies a similar estimate for u'^{r). In other words. 


|wn(’')l + K(?’)l < C'exp 


{■r - in) 


for all r > in¬ 


step 3: Splitting of 

Reasoning as in the beginning of Step 1, we can take Zn- 


C 


in 3||m„|| ^ Zn ^ 2||m„|| with ||Mn||//i(^„_^„ + i) ^ II II • 

||Wra|| 

Define ipn ■ [0, +oo] —>■ [0,1] be a smooth function such that 


ipnir) = 


0, if r < z„, I ,, , 

1, ifr^Zn + 1, 


We claim that 

(23) Iuj{Un) ^ luiiUni^n) + lui (w«(l “ V'n)) + c||m„(1 - l/’n) ||^2(r2) + 0(||m„||). 

This estimate has been accomplished in [22] for TV = 0. Therefore we just need 
to estimate the two new terms; it is easy to get that 


Jo ' 
Moreover, 

ruiir) 


f 


r)!M!M^dr+ 


- V'n(T))^ 


■dr + o(l). 


/o 


r 


nn 2 




S'i^lis)ul{s) ds dr 


+ 


+ 


J su'^{s) ds^ dr = J 


pn 2 


WnWV’nW 


sul{s){l - il;l{s)) ds^ dr 


+2 


ulir)i>l{r) 


(I) 

SWn(s)V’n(s)(l - ijjnis)) ds ) dr 


ill) 


ul{r){l - 


sul{s)'iplis) ds dr 


(HI) 


u2(r)(l -i/)„(r))2 


SM^(s)V’n(s)(l - V'n(s)) ds I dr 


(IV) 


ul{r){l - i)n{r))'ilJn{r) 


J su'^{s) ds^ dr. 


iv) 
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We now observe that (I) ... (V) are bounded, as follows: 

<ir) 


il)^ 


{II) ^ 2 


r 

pn 2 


su^{s) as j dr ^ -= ^(1)5 


'0 


<(r) 


(■Zn + l 


su^(s) ds] dr = 0(1), 


and the other terms can be estimated similarly. Therefore, we conclude the proof 
of (23). 


Step 4: The following estimate holds: 


(24) lujiUnifn) = ‘iT^inJuiiUniJn) + 0(||u„|l). 

In [22] this estimate was made for iV = 0. So we just need to check the new 
nonlocal terms 


{Un1pu)'^{r) , ^ C 


dr ^ — = o(l), 


(Wn'0«)^(r) 


s{uni^n)'^{s) ds^ dr ^ J su^{s)ds^ dr 


Step 5: Conclusion for w > wq. 


By (23) and (24), we have 

(25) I^ {Un) ^ (l^nt^n) T lu) {'^n (1 V^n)) “t“ cljll,,(1 V^n) || ^2 J]R2^ T 0( || U,, |[ ). 

Recall that ||!!„■!/;„> cr > 0. By Proposition 2.7, we have that Joj{un'4’n) —t 
c > 0, up to a subsequence. Since ^ ||un|P/ it turns out from (25) that Iui{un) > 
Iuj{un{I — 'fpn)), which is a contradiction with the definition of Un- Therefore, Un 
needs to be a bounded sequence and, in particular, inf > — oo. 

Let us now show that lui is coercive. Indeed, take u„ G If an unboimded se¬ 
quence, and assume that Iui{un) is bounded from above. By Lemma 2.3, ||Mn|| is 
unbounded, so that Proposition 3.2, (iii), shows us that /<i(u„) —t —oo for any 
Wo < w < w, a contradiction. 


Step 6: Conclusion for oj = ujq. 

As above, (25) gives a contradiction unless Juiiuni^n) 0. Proposition 2.7 now 
implies that V'n'w„(- — tn) —t Wk^ up to a subsequence, for some G (0, -l-oo). Since 
in G Dn (recall its definition in (22)), we have that is bounded. With this 

extra information, we have a better estimate of the decay of the solutions: indeed. 


(26) |u„(r)|-h |<(r)| < Cexp , for all r > - 2||u„||. 

This allows us to do the cut-off procedure in a much more accurate way. Indeed, 
take Zn = in — \\un\\- Then, (26) implies that 
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(27) 



2 , 


,5n + l) 



Define il^n ■ [0, +oo] —>■ [0,1] accordingly: 


tpn{r) 



The advantage is that, in the estimate of Iui{un), now the errors are exponen¬ 
tially small. Indeed, by repeating the estimates of Step 3 with the new information 
(27), we obtain: 


^ fa;('U„,(l l/’n)) c|['U,i(l V^n) || ^2 “I” 0(1), 


Then, 


^ T f^2;{lln(l l^n)) “t” c||'U,i(l ) 11 ^2 ^j|^2 j “1“ 0(1) 

— T ’^nf) “t“ c|['U,i(l '^n) ||/,2^]]^2j “1“ 0(1) 

^ 7 (^_|_ 2 c ) {Un{l — '4’n)') + 0 ( 1 ). 


But, by Step 5, we already know that I(jjj+ 2 c) is bounded from below, and hence 
inf > - 00 . 

Finally, by applying Lemma 3.1 to [7 = Wk^ we readily get that is not coer¬ 
cive. 


□ 


Proof of Theorem 1.2. We shall prove each assessment separately. 

Proof of (ii). First, we observe that since inf < 0, there exists w > wq such 
that inf < 0 if and only if w G (wq, w). Since, by Theorem 1.1 and Proposition 
2.2, is coercive and weakly lower semicontinuous, we infer that the infimum is 
attained at a negative value. This gives the first solution ui. 

Clearly, 0 is a local minimum for I^, and Iu,{ui) < 0. Then, the functional satis¬ 
fies the geometrical assumptions of the Mountain Pass Theorem, see [1]. Since lui 
is coercive, (PS) sequences are bounded. By the compact embedding of 
into LP+^(R^) and Proposition 2.2, standard arguments show that Cj satisfies the 
Palais-Smale condition and so we find a second solution which is at a positive 
energy level. 

Proof of (iii). Let now consider ui G (0,a;o). Performing the rescaling u Ua, = 
y/ui u{y/uj •), we get 


1 r u^jx) f r 


2 


Iuj{Uuj) = W 



Vup -I- u^) dx + 


8 |a;P fJo 


sw^(s) ds — 2N I dx 



P-3 


Define A = w '’2 and I\ : H (K.^) —K as 
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with 


^ ^ JR2 FI 

u^{x) 


= h\ur + Kiu) + 




/r2 FI 


dx, 


where if is as defined in (11). Then I\ satisfies the geometrical assumptions of the 
Mountain Pass Theorem. The main problem here is that we do not know whether 
a (PS) sequence could be unbounded. 

By Lemma 2.3, the functional $ : "H —?> R is coercive. Then we can use [17, 
Theorem 1.1] to obtain a bounded Palais-Smale sequence G "H for almost every 
A. Passing to a subsequence, we can assume that ^ u; Proposition 2.2 and 
standard arguments imply that u is a critical point of Ix. Making the change of 
variables back we obtain a solution of (7) for almost every oj G (0, wq). 


Finally, in order to find positive solutions of (7), we simply observe fhat fhe above 
arguments apply to the functional ; If -a R 




SM^(s) ds — 2N ) dx 


Due to the maximum principle, the critical points of /+ are positive solutions of 

( 7 ). 

Proof of (i). This parf happens fo be quife delicafe, compared fo fhe case = 0 
studied in [22]. Let m be a solution of (7). If we multiply (7) by u and integrate, we 
get 


/R2 F 


^ 2 ^ {hu{\x\) - Nf dx 


(28) 


0= / (|VmP + dx + 3 f 

J«? Jr 

^ {hui\x\) — N) dx — f |M|^'''^dx. 

Jr'^ 


■2N 


/R2 Fr 


From (28) and the Pohozaev identity (Proposition 2.4), we obtain that, for any 

I > 0 , 


0 = (/+ 1) / |Vupdx + a; / w^dx + (/+ 3) / 

7r 2 JR2 dR2 |xp 




(29) 


■2N 


v?{x) 


(h„(|x|) - N)dx- 


P- f 

p + 1 


l+l 


/R2 


(h„(|x|) - N) dx 
\u\P+^dx. 


By using (12) in (29), 

0 ^ / (|VmP + dx + 3 / ^1 ^12^ (fe„(|x|) - N)'^ dx 
dR2 Jr2 kr 

( 30 ) 

+ 2N [ ^ ihui\x\) - N)dx- 4^ + l) [ \u\^~''^dx + ^ [ |M|'*dx. 

Jr2 ft Vp+ 1 / dR2 2 dR2 
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We can estimate 
3 


[ + [ ^(hM)-N)dx 

7r2 \x\^ Jr2 |a;|^ 

/ 

Jr 


u‘^{x) 


(31) 


- 


R2 Fl JR2 Ft 

2 (/i„(|x|) - iV)(3/i„(|a;|) - A^)da; 
v?{x) 


R2 Ft 
7V2 


-dx. 


J {N/3^h^^N} FI 

where {-/V/3 ^ hu ^ N} = {ro ^ |a:| < ri} with hu{ro) = N/3 and huiri) = N 
(here we have used that /i„ is increasing in r). For any r > 0, by the definition of 
hu we have 

Anhuir) = J u^{x)dx ^ Cr u‘^{x)dx'^ 

Then 

(32) [ hl{\x\) ^ dx !^C [ u^{x)([ u'^{y)dy\dx 

JBr- FI JSr J 

^ C I u^(x)dx j u^{x)dx ^ Chu{r) f u^{x)dx. 

J Br- J J B^ 


We now apply (32) to estimate 

f v?{x) 


J {N/3^hu^N} Ft 

(33) 


-dx < C 


hl{\x\)'^i^dx^C j hl{\x\)'^^-^ dx 

fI jBr^ Fr 

< Chu{ri) f u^{x)dx ^ C f u^dx. 

JBr., Jm^ 




We apply (31) and (33) in (30): 


0^ / iVul^dx + w / dx 

JH2 JR2 


— c dx + 


I 


— 


/R2 


P- 1 

p + 1 


1 + 1 


/R2 


i\P+^dx. 


Therefore it suffices to take I so that — c + ^ = 1, and then to take w so that the 
function 


2 4 

s —>■ ws + s — 


p — -I 

p +1 


1 + 1 lsP+1 


is non-negative for any s. Therefore u must be identically equal to zero. 


□ 
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